The tuned mass damper (TMD) is a simple and efficient device, but it is only effective when it is precisely tuned to the frequency of a particular vibration mode. In order to overcome this limitation, the nonlinear energy pumping phenomenon from a main mechanical structure to a local, passive nonlinear energy sink (NES) is investigated. Unlike the TMD, an NES has no preferential resonant frequency, which makes it a good candidate for vibration mitigation of MDOF linear and nonlinear vibrating structures. However, in addition to the rattle space requirements, the mechanical implementation of the nonlinear absorber poses serious challenges. This is why piezoelectric shunting is considered in this study. Specifically, the objective of the paper consists in developing a suitable association of piezoelectric patches and nonlinear shunted electrical circuits so that the effects of the NES would be electrically reproduced.
INTRODUCTION
Realizing that the tuned mass damper (TMD) (figure 1(a)) is only effective when it is precisely tuned to the frequency of a vibration mode, 1, 2 a recent body of literature has addressed this limitation using a nonlinear attachment characterized by an essential nonlinearity, termed a nonlinear energy sink (NES)( figure 1(b) ).
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The concept of essential nonlinearity is central, because it means that an NES has no preferential resonant frequency, which makes it a frequency independent absorber. Another salient feature of an NES is its capability to realize targeted energy transfer (TET) during which energy initially induced in the primary system gets passively and irreversibly transferred to the NES. These properties make this nonlinear absorber the best suited for vibration mitigation of MDOF linear and nonlinear systems. The aforementioned theoretical studies have been performed to develop the NES concept and interpret its related nonlinear dynamics when coupled to a primary system. A number of these studies have been supported by experiments which validate, practically, the NES concept. Among these studies one can mention the vibration mitigation of a single DOF system impulsively excited, 8, 9 the limit cycle oscillation (LCO) suppression of an airplane wing, 10 the vibration mitigation of a building subjected to earthquakes 7 or the noise mitigation. 11 For these experimental studies, the practical implementation of the NES is a challenging problem because of several physical issues among which one can mention : (i) the difficulty to realize an essentially nonlinear stiffness law (cable or membrane effect), (ii) the limitations related the nonlinear functional form to a cubic law, (iii) the weight penalties associated with the NES mass and finally (iv) the need for an NES rattle space. Such challenges emphasize the need for a smart realization of an NES which may require the use of non-mechanical techniques among which piezoelectric shunting. The development of an electro-mechanical NES through using this technique offers a large potential of attractive features such as : (i) the possibility of obtaining various types of nonlinearity through proper circuit design, (ii) the small size of the absorber and (iii) the absence of moving parts. This paper is organized as follows, a basic overview of the linear piezoelectric shunting techniques is presented is section 2. Based on these developments nonlinear piezoelectric shunting is introduced and followed by numerical simulations in sections 3 and 4, respectively. A brief overview of the ongoing experimental investigations is considered in section 5 and finally conclusions and future work end up this paper in the last section. This theory arises from a fundamental relation existing between the equations of motion of a mechanical system (figure 2(a)) and the governing equations of an electrical circuit (figure 2(b)) :
LINEAR PIEZOELECTRIC SHUNTING

Basics
which yields the following analogies between mechanical and electrical components :
Linear piezoelectric shunting dates back to the works carried out by Hagood and von Flotow (1991) 12 who exploited the electro-mechanical analogy to design and electrical Tuned Mass Damper (TMD). This latter one is composed of a passive, resistive or resonant, electrical circuit shunted to piezoceramic material (PZT). Thanks to the strong coupling between the host structure and the piezoelectric patches, the mechanical vibration energy was found to be converted into electrical energy and dissipated into the resistive element of the shunt. This procedure allows the attenuation of a specific mode through proper tuning of the circuit elements.
Finite Element Formulation
In order to validate any experimental results on continuous structures, simulations are required and carried out using a finite element formulation. In 13 Allik et al discretized the equations of motion of the electro-mechanical system as derived from a variational principle and it comes :
where δ and φ are the displacements and voltage submitted to the piezoelectric element;
K φφ are respectively, the structural mass, structural stiffness, coupling, and the electrical matrices computed through the use of given shape functions and interpolation matrices. If the variation of voltage is supposed to be harmonic of frequency ω : φ = φ 0 e iωt , than equations 2 can be recast into :
with the shunting matrix
Equations 2 and 3 govern the whole dynamics of the electro-mechanical system as long as all the elements keep being linear and, therefore, can be algebraically solved.
Multimodal and Broadband Damping
In 14 Wu investigated the influence of the series or parallel configuration type for the element of the electrical circuit whereas multimodal techniques have been developed in a number of works. [15] [16] [17] [18] [19] [20] These methods are characterized by an increasing complexity of the electrical scheme with the number of modes considered. This clearly limits is application to a couple of modes. Therefore, broadband damping procedures have been considered among which one can note the use of resistive damping, 12 negative capacitance 21 or periodic array of piezoelectric patches. 22 Although these solutions are of interest in many cases, they also possess drawbacks. Indeed, the first one presents limited effect whereas the two others are characterized by the loss of the passive properties and the need of multiple piezoelectric elements and shunts, respectively. One positive feature of these methods lies in the persitent validity of equations 2 and 3 as only the shunt impedance varies and the system can still be algebraically solved.
NONLINEAR PIEZOELECTRIC SHUNTING
In addition to the initial necessity of realizing a practical NES, the drawbacks related to the linear multimodal damping techniques (complexity of electrical scheme, multiple piezoelectric patches and shunts,...) also speak in favor of the development of new techniques such as the electrical NES.
Basics
As a proof of the relevant character of such an absorber, some works have already considered the use of nonlinear electrical circuits to study the behavior of a mechanical system. In 7, 23 Gourdon et al. focused on the experimental validation of numerical simulations performed on a 2DOF nonlinear system composed of a linear oscillator coupled to an NES ( figure 3 (a) ). To this end, they reproduced an electric analog of the 2DOF mechanical system ( figure  3 (b) ) based on the electro-mechanical analogy presented in section 2.1. Considering a purely nonlinear oscillator (depicted in figure 4 ) whose motion is governed by :
the electro-mechanical analogy suggests the governing equation of the equivalent electrical circuit to be :
which traduces the need for an inductance and nonlinear capacitance.
Mass M1
Small mass m2
Multiplicators to realize a cubic law 
Electro-Mechanical System Modeling
In the present study, the goal lies in considering a mechanical primary structure coupled to an nonlinear electrical absorber through the use of piezoelectric elements. The equations of motion governing the electro-mechanical system can still expressed by relation 2 but the voltage submitted to the piezoelectric element ( figure 5 ) is no longer linear and is expressed through : The presence of the nonlinear capacitance prevents the condensation of the electrical degrees of freedom and unlike the linear case (section 2.2) no closed form solution can be worked out. Taking into account relation 6, the governing equation of motion 2 can be recast into :
where the generalized matrices are given by :
Due to the nonlinear character of the electro-mechanical system, relation 7 cannot be solved algebraically and specific nonlinear tools are required for the analysis of the dynamics.
NUMERICAL SIMULATIONS
Nonlinear Analysis Tools : The Frequency-Energy Plot Concept
One typical dynamical feature of nonlinear systems is the frequency-energy dependence of their oscillations. Moreover, for a given energy level injected in the system, several types of solutions may coexist. These properties make nonlinear systems more complicated to characterize than linear ones and require the development of adapted analysis tools such as the nonlinear normal modes (NNM) and the frequency-energy plot (FEP) concepts. In this study only the basics are recalled and for a complete description of these concepts the interested reader may refer to.
6, 24-27
An NNM motion can be defined as a non-necessarily synchronous periodic motion of an undamped nonlinear mechanical system. 24, 25 However, as discussed in, 6, 24, 26, 27 the damped dynamics can often be interpreted based on the topological structure of the NNMs of the underlying conservative system. Therefore their computation, using continuation methods, 25 is a key point for characterizing the dynamical behavior of the nonlinear system under the scope.
Because of the frequency-energy dependence property of nonlinear systems, the modal curves and frequencies of NNMs vary with the amount of energy in the system. Consequently, the representation of NNMs in a frequency-energy plot (FEP) is particularly convenient. 6, 26, 27 An NNM is represented by a point in the FEP, which is drawn at a frequency corresponding to the minimal period of the periodic motion and at an energy corresponding to the conserved total energy during the motion. A branch, represented by a solid line, is a family of NNM motions possessing the same qualitative features.
Finally, in the present study, the computation of the NNMs is performed using a Newmark integration scheme adapted to nonlinear systems and associated to a non-dimensionalized form of the equations 7 to avoid a ill-conditioned system in the numerical computation.
Beam Coupled to Absorber : Dynamics Qualitative Study
In the present paper, the focus is set on a qualitative study of the dynamics related to a beam coupled with an electrical NES. In particular, a comparison between the electro-mechanical system ( figure 7(a) ) and a mechanical one ( figure 6(a) ) is carried out. The aim lies in highlighting similar nonlinear behaviors created by the introduction of the nonlinear absorber on the linear continuous structure. To this end, continuation methods are considered and a FEP is computed for both mechanical ( figure 6(b) ) and electro-mechanical ( figure 7(b) ) systems.
A couple of works 25, 28 described the dynamics of a nonlinear beam. In particular, in, 25 Peeters et al. considered the computation the related FEP and analyzed the nonlinear modal interactions occurring in such a system. In the present study the nonlinearity is introduced in the system through the NES ( figure 6(a) ) but the dynamical behavior ( figure 6(b) ) is similar to what has been observed in. 25 At low energy levels all the modes behave linearly whereas for higher energy levels, the nonlinear character increases and a frequency-energy dependence is exhibited. Moreover, nonlinear modal interactions such as internal resonances between modes occur and are depicted by tongues. As an example, the M 3-6 (1:7) tongue stands for a modal interaction between mode 3 and 6 and where the fundamental and seventh harmonics play a major part in the motion. Let us consider the use of a supposed electrical NES consisting in an electrical circuit, composed of a nonlinear capacitance and an inductance, coupled to the beam through piezoelectric patches ( figure 7(a) ). The objective lies in reproducing similar nonlinear modal interactions so it can be concluded that the absorber affects the global dynamics of the system in a similar fashion than the mechanical one. Knowing that the energy of the system is expressed by relation 8, the corresponding FEP is depicted in figure 7(b) .
Whatever the nonlinear absorber type considered, both exhibit similar dynamics. At low energy level, the linear substructure is preponderant whereas nonlinear effects appear at higher energy levels. Moreover, the electrical NES also create nonlinear modal interactions illustrated through the tongues. However, unlike the mechanical NES, the presence of the piezoelectric intrinsic linear capacitance introduces an additional linear frequency at low energy level. Due to this drawback the question about the realization of targeted energy transfer (TET), which is a fundamental property of the NES, is raised and further analyzes have to be carried out. Moreover, additional developments have to be achieved to determine the order of magnitude of the nonlinear capacitance that would give the best nonlinear effects.
So far no particular study has been performed on the seek of the best nonlinear capacitance to induce good vibration mitigation. It is known that multimodal damping occurs during free response regime whereas for forced excited system, Gourdon et al. 7 and Starosvetsky et al. 29 showed that the seek of quasi-periodic motion is the objective function (figure 8) as it drastically reduces the vibrating level without introducing any additional resonant frequency. In both cases numerical simulations would be required, for any different value of the nonlinear capacitance, to assess the evolution of the dynamics. This feature limits the use of numerical simulations that may be a quiet long process. Therefore, complementary experimental developments are performed in parallel with numerical simulations to obtain insights on the effects of the nonlinear capacitance as well as account for practical limitations. Before considering the multimodal damping related to the free response regime, the forced system is considered because the focus can be set only on one particular mode. 
PRELIMINARY EXPERIMENTAL INVESTIGATIONS
As a matter time saving, before considering a complete analogical approach for the realization of the nonlinear electrical absorber, a semi-numerical approach is investigated. The use of a control software, namely dSPACE, allows real-time interaction with the control command that simulate the NES effect. This procedure allows to easily achieve modifications in the design of the nonlinear electrical circuit. Indeed, effects of changes performed on the nonlinear law can directly be seen in the system response.
In figure 9 a schematic illustration of the experimental setup is depicted. A source is applied a the free extremity of a clamped beam. One piezoelectric patch acts as a sensor, the charge is converted by a charge amplifier and the signal injected in the dSPACE controller. The control law is numerically created and applied to the latter signal. The output signal passes through a tension amplifier and is applied to another piezoelectric patch that acts as an actuator. 
CONCLUSION AND FUTURE WORK
This paper focused on preliminary results related to the development of an electrical NES realized using nonlinear piezoelectric shunting. The need for such an absorber lies in the possibility to validate number of numerical works on the mechanical NES. It can also be seen as a different and complementary multimodal damping tool using piezoelectric shunting.
In particular the introduction of a nonlinear element in the system has created a complex dynamics that requires adapted analysis tools such as continuation methods and the frequency-energy plot (FEP) concept.
Comparison between the dynamics of the fully mechanical system and the electro-mechanical one has shown good qualitative features that pushed for the realization of experiments currently in progress. Globally, the use of nonlinear piezoelectric shunting seems promising to realize nonlinear absorbers.
However, besides the experimental part, other features have to be investigated further such as the influence of the linear inherent capacitance of the piezoelectric patch on the global dynamics and the possibility to use negative capacitance to overcome this limitation, the need for a synthetic inductance or the need for an external low energy supply.
